Abstract. We introduce and develop the notion of spherical polyharmonics, which are a natural generalisation of spherical harmonics. In particular we study the theory of zonal polyharmonics, which allows us, analogously to zonal harmonics, to construct Poisson kernels for polyharmonic functions on the union of rotated balls. We find the representation of Poisson kernels and zonal polyharmonics in terms of the Gegenbauer polynomials. We show the connection between the classical Poisson kernel for harmonic functions on the ball, Poisson kernels for polyharmonic functions on the union of rotated balls, and the Cauchy-Hua kernel for holomorphic functions on the Lie ball.
Introduction
In the paper we introduce the notion of so called spherical polyharmonics of degree m and of order p as m-homogeneous and p-polyharmonic polynomials restricted to the union of the rotated euclidean unit spheres S p := p−1 k=0 e kπi p S, where m, p ∈ N. We develop the theory of spherical polyharmonics in a similar way to that of spherical harmonics given in [2, Section 5] . The crucial role in our considerations plays the Hilbert space L 2 ( S p ) of square-integrable functions on S p with an inner product defined by (1) f, g Sp := 1 p where σ is the normalised surface-area measure on S (so that σ(S) = 1).
The introduction of such space allows us to prove the polyharmonic version of the theorem about spherical harmonic decomposition of L 2 (S) (see [2, Theorem 5.12] ). Namely we prove that L 2 ( S p ) is a direct sum of the spaces H p m ( S p ) of spherical polyharmonics of degree m and of order p (Theorem 1):
Due to this theorem we can consider the space H p m ( S p ) as a finitely dimensional Hilbert space with the inner product (1) induced from L 2 ( S p ). It allows us to introduce zonal polyharmonics Z p m (x, ζ) in a similar way to zonal harmonics.
After developing the theory of zonal polyharmonics, we obtain the expected formulas for Poisson kernels for the union of the rotated euclidean unit balls B p := p−1 k=0 e kπi p B (Theorem 4):
In the rest of the paper we study the properties of these kernels. In particular, using the Gegenbauer polynomials, we will find series expansions of Poisson kernels P p (x, ζ) and zonal polyharmonics Z p m (z, ζ). We will also show that Poisson kernels P p (x, ζ) for B p are, in some sense, intermediate kernels between the classical Poisson kernel for the unit ball B in R n and the Cauchy-Hua kernel for the Lie ball in C n . The motivation for the study of spherical polyharmonics comes from the Dirichlet-type problem for polyharmonic complex functions, which has been examined in our previous work [7] . That problem, inspired by papers [9] and [10] , is different from the classical boundary value problems for polyharmonic functions (see below).
Namely, the problem is following: find a polyharmonic function u of order p on B p , such that u is continuous in B p ∪ S p and satisfies the boundary conditions u(x) = f (x) for x ∈ S p , where p ∈ N and the function f is given and continuous in S p . This problem is concisely written as (2) ∆ p u(x) = 0, x ∈ B p u(x) = f (x), x ∈ S p .
[7, Theorem 1] states that the solution of (2) is unique and is given by the sum of Poisson type integrals: In particular for p = 1 the problem (2) reduces to the classical Dirichlet problem for harmonic functions on the ball B, which solution has a form u(x) = However, we know also from the theory of harmonic functions that the Poisson kernel for the ball can be expressed in terms of zonal harmonics, which are a particular case of spherical harmonics. It prompts us to introduce the space of spherical polyharmonics H p m ( S p ) and to study their properties.
It is worth to mention that boundary value problems for polyharmonic functions have recently been extensively investigate, see for example [3] , [4] or [6] and the references given there. Unlike the problem (2), in the mentioned papers the boundary conditions consist of differential operators (for instance the normal derivatives or iterated Laplacians). In particular in the paper [4] the authors consider the problem with L m boundary data in the euclidean unit ball:
where 0 ≤ j < p and 1 ≤ m ≤ ∞. They introduce the sequence of higher order Poisson kernels which satisfy appropriate conditions (see Definition 2.1 in [4] ) and they give the integral representation solutions of the problem (4). The kernels and the integral representation solutions given there are different from our ones because they are closely related to the problem (4), whereas our problem (2) is completely different. The paper is organised as follows. The next section consists of some basic notations which we use throughout this paper.
In Section 3 we examine the polyharmonic polynomials. We recall some important properties of harmonic polynomials and we prove their analogues for polyharmonic polynomials. We also calculate the dimension of the space of polyharmonic polynomials (Proposition 4).
In Section 4 we introduce the notion of spherical polyharmonics. We prove their properties (Corollaries 1-2 and Propositions 5-6). We also prove the main theorem about spherical polyharmonic decomposition of L 2 ( S p ) (Theorem 1). In Section 5 we introduce zonal polyharmonics (Definition 7). We find the connection between zonal polyharmonics and zonal harmonics (Theorem 2), and we find the orthogonal decomposition functions from L 2 ( S p ) (Theorem 3). In Section 6 we define Poisson kernels for the union of rotated balls and Poisson integrals for functions continuous on S p . We find a counterpart of [2, Proposition 5 .31] for zonal polyharmonics (Proposition 9). Finally we find formulas for the Poisson kernels for the sum of rotated balls (Theorem 4) and we give some properties of these kernels (Proposition 10). As an application we solve the Dirichlet-type problem given by (2) (Theorem 5).
In the next section we find an explicite formula for zonal polyharmonics (Theorem 6). We use here the Gegenbauer polynomials and a generating formula for them.
In the last section we find the connection between the Poisson kernels and the Cauchy-Hua kernel. As a corollary, we conclude that for every holomorphic function on the Lie ball and continuous on the Lie sphere there exist polyharmonic functions, which are convergent to it (Theorem 7).
Preliminaries
In this section we give some basic notations and definitions. We define the real norm
and the complex norm
We will also use the complex extension of the real norm for complex vectors:
By a square root in the above formula we mean the principal square root, where a branch cut is taken along the non-positive real axis. Obviously the function | · | is not a norm in C n , because it is complex valued and hence the function |z − w| is not a metric on C n . We will consider mainly complex vectors of the form z = e iϕ x, that is vectors x ∈ R n rotated in C n by the angle ϕ. For the set G ⊆ R n and the angle ϕ ∈ R we will consider the rotated set defined by e iϕ G := {e iϕ x : x ∈ G}.
We will consider mainly the following unions of rotated sets in C n :
where B and S are respectively the unit ball and sphere in R n with a centre at the origin.
The sets
where 
Polyharmonic polynomials
In this section we recall the notion of harmonic polynomials and next we extend it to polyharmonic polynomials.
Let m, p ∈ N. We denote by P m (C n ) the space of all homogeneous polynomials of degree m on C n . We also denote by H p m (C n ) ⊆ P m (C n ) the space of polynomials on C n , which are homogeneous of degree m and are polyharmonic of order p. Observe that in the case m < 2p the space H p m (C n ) is equal to P m (C n ). In the special case p = 1 we obtain the space of homogeneous harmonic polynomials of degree m, which is denoted briefly by H m (C n ). Let us recall the lemmas relating to the harmonic polynomials.
where ⊕ denotes the algebraic direct sum, which means that every element of P m (C n ) can be uniquely written as the sum of an element of H m (C n ) and an element of |x|
] such that 
and respectively ] in the case when m < 2p. Now we are ready to find the analogues of Lemmas 1-3 for polyharmonic polynomials
where ⊕ denotes the algebraic direct sum.
Proof. It is sufficient to use Lemmas 1-2 and Proposition 1.
] such that
Proof. It is sufficient to apply inductively Proposition 2.
Proof. It is sufficient to use Lemma 3 and Proposition 2.
Spherical polyharmonics and decomposition of
In this section we introduce the notion of spherical polyharmonics which are a natural generalisation of spherical harmonics. 
Restricting to S p the functions u and u k from Proposition 1 (see also Remark 2) we conclude that
and only if there exist uniquely determined spherical harmonics
Analogously, since every polynomial is a sum of homogeneous polynomials, by Proposition 3 we obtain Corollary 2. If q is a polynomial of degree m then the restriction of q to S p is a sum of spherical polyharmonics of degrees at most m.
We will equip the space of functions on S p with the inner product being a generalisation of the standard inner product in L 2 (S). Namely we have Definition 3. By L 2 ( S p ) we mean the usual Hilbert space of squareintegrable functions on S p with the inner product defined by
where σ is the normalised surface-area measure on S.
We will generalise the properties of spherical harmonics (see [2, Section 5]) to spherical polyharmonics.
The main aim of this section is to show the natural orthogonal decomposition of L 2 ( S p ) into the spaces of spherical polyharmonics, what is a polyharmonic version of [2, Theorem 5.12] . To this end we recall the definition of the direct sum of Hilbert spaces (see [2, p. 81] 
. . , where the sum is converging in the norm of H.
Remark 3. When the conditions i) and ii) hold, then the condition iii) holds if and only if the set span
Let us recall the following orthogonal property of spherical harmonics.
with the inner product defined by
Moreover, if we restrict all functions to S, then the decomposition given in Lemma 1 is an orthogonal decomposition with respect to the inner product on L 2 (S).
We will find the version of Lemma 4 for spherical polyharmonics.
Moreover, if we restrict all functions to S p , then the decomposition given in Proposition 2 is orthogonal in
By the homogeneity of spherical harmonics we have
for ζ ∈ S and j, k = 0, 1, . . . , p − 1. So
Let us assume that m − l is an odd integer number. Then obviously u α , v β S = 0 for any α, β = 0, 1, . . . , p − 1 by Lemma 4. Hence u, v Sp = 0. Let us assume now that m − l is an even integer number, that is there exist γ ∈ Z such that m − l = 2γ, so
Sp is a sum of spherical polyharmonics of degrees at most m − 2p. Hence, by the first part of the proof v| Sp , w| Sp Sp = 0 for any element w ∈ H p m (C n ).
Remark 4. In the case when
Next we prove Proposition 6. The linear span of
is a dense subset of C( S p ) with respect to the supremum norm.
Proof. Let us assume that f ∈ C( S p ). It means that 
Proof. We have to show that the conditions in Definition 4 are satisfied. The first one holds because H p m ( S p ) is finite dimensional by Proposition 4 and hence is closed. The second condition holds by Proposition 5.
So it is sufficient to show the density of span
. By Proposition 3, every polynomial on S p can be written as a finite sum of elements of
. By Proposition 6 we know that the set of polynomials on S p is a dense subset of the set of continuous functions C( S p ). On the other hand, by Proposition 3 every polynomial on S p can be written as a finite sum of elements of
. Hence the family of finite sums of spherical polyharmonics is dense in C( S p ) with respect to the supremum norm. It means that span
. Therefore the set of finite sums of spherical polyharmonics is dense in L 2 ( S p ). In consequence span Let η ∈ S p be a fixed point. Let us consider the linear functional
is a finite dimensional inner-product space, it is a selfdual Hilbert space. Hence there exists a unique Let us recall some properties of zonal harmonics. We will use them in the subsequent considerations.
Before we proceed to properties of zonal harmonics, at first we extend the definition of zonal harmonics Z m (·, η) to the case when η ∈ S p taking
It is obvious that this extension preserves the degree of homogeneity as well as the harmonicity. Also we have for ζ, η ∈ S that Z m (e ϕi ζ, e ψi η) = Z m (e −ψi η, e −ϕi ζ) and Z m (e ϕi ζ, e ψi η) = Z m (e ψi η, e ϕi ζ).
Proposition 7. Let ζ, η ∈ S p and a ∈ C. Then: 
which gives the first claim. The next claims follow simply from the first one. Now we will prove the result which gives the connection between zonal polyharmonics and extensions of zonal harmonics.
Proof. Let η ∈ e jπi p S be a fixed point, so η := e jπi p ξ for some ξ ∈ S. We assume also that q ∈ H p m ( S p ). Then by (8) and (9) we have (10) q
On the other hand by Corollary 1 there are spherical harmonics q k of degree m − 2k for k = 0, 1, . . . , p − 1, such that q(ξ) = p−1 k=0 q k (ξ). Hence there are Z m−2k (·, ξ) such that q k (ξ) = q k , Z m−2k (·, ξ) S . From the above considerations and from the appropriate properties of zonal harmonics we have
Comparing the last equality with (10) we obtain
Further we have
as desired.
Remark 6. As in Remark 2, we keep in mind that Z m−2k (ζ, η) ≡ 0 for m − 2k < 0 in the case when m < 2p.
Proof. To prove (a), suppose that η = e jπi p ζ with ζ ∈ S. By the last theorem we can write
where in the third and fourth equality we use Lemmas 3, 5, and Proposition 4. Formula (b) is given by Lemma 5.
, we can extend zonal polyharmonics to C n . Indeed, for x ∈ C n we can write
Analogously we extend spherical polyharmonics to C n . For x ∈ C n we have
The spherical polyharmonics allow us to find the orthogonal decomposition from Theorem 1 for a given function f ∈ L 2 ( S p ). Namely, we have
Poisson kernel for the union of rotated balls
We will find a Poisson kernel for polyharmonic functions on the B p . To this end let us accept the following definitions
Poisson kernel for B p provided for every polyharmonic function u on B p which is continuous on B p ∪ S p and for each x ∈ B p holds
is called a Poisson integral for f . 
is a polynomial of degree at most m and
Proof. By Corollary 2 there exist spherical polyharmonics g k of degree k such that
We extend functions g k to the sets B p (they will be still polyharmonic and homogeneous):
From the last equality we see that P p [f ] is a polynomial of degree at most m. Using (12) we get
Because of orthogonality of polyharmonics of different degrees and by the above considerations we conclude that
In the next theorem we will need 
for every x ∈ C n .
Now we are ready to give the connection between the Poisson kernel for B p and the zonal polyharmonics, what allows us to find an explicit formula for the Poisson kernel. Namely we have
Theorem 4. The Poisson kernel has the expansion (15)
P p (x, ζ) = ∞ m=0 Z p m (x, ζ) = 1 − |x| 2p (x 2 ζ 2 − 2x · ζ + 1) n/2 for x ∈ B p , ζ ∈ S p .
The series converges absolutely and uniformly on
. By the density of sums of spherical polyharmonics in L 2 ( S p ) it is sufficient to show that
It holds, because
Now we will show that the series in (15) is absolute convergent. By (11) and Lemma 6 we estimate
Hence for every compact subset K of B p we conclude that
which means that the series in (15) converges absolutely and uniformly, as desired.
To prove the second equality in (15), observe that by (11) and by the convergence of the series in (15) we have
Moreover, by Remark 6, Z m−2k (x, ζ) ≡ 0 for m < 2k. Hence we get
for every x ∈ B p and ζ ∈ S p . From the above and by (14) we have
In the next proposition we will collect the properties of the Poisson kernel for B p .
Proposition 10. The Poisson kernel P p has the following properties:
(a) P p (ζ, x) = P p (x, ζ) for every x ∈ B p and every ζ ∈ S p . (b) For every x ∈ B p and ζ ∈ S, and for j = 0, 1, . . . , p − 1,
For every x ∈ B p and for k = 0, 1, . . . , p − 1,
.
(e) For every x ∈ B p ,
(g) For every η ∈ S p and every δ > 0,
Proof. Property (a) follows from Theorem 4 and Proposition 7.
To prove property (b), let us suppose that x ∈ B p and ζ ∈ S. Then from property (a) and from (15) Hence for k = 0, 1, . . . , p − 1 we have
It finishes the proof of (d).
To prove (e), observe that by the previous property
as desired. Property (f) is obvious.
To prove (g), let us note that for every η ∈ S p and every δ > 0,
Our next theorem states that the Dirichlet problem for B p is solvable for any continuous function on S p .
then u is continuous on B p ∪ S p and polyharmonic on B p .
Proof. Differentiating under the integral sign in (13) we obtain by (c) of Proposition 10 that P p is polyharmonic in B p . So we have to show only that u given by (17) is continuous. To this end take any ε > 0 and suppose that η ∈ e jπi p S for some j = 0, 1, . . . , p − 1 is a fixed point and x ∈ B p . It is sufficient to find such δ > 0 that |u(x) − u(η)| C < ε for x − η C < δ.
First, we assume that x ∈ e jπi p B. Since f is continuous on S p , we can choose
. Hence if we put 
To estimate the first term, we apply properties (d) and (e) of Proposition 10
To estimate the second term take M := ||f || ∞ = sup Sp |f | and observe
By property (g) of the last proposition we can also choose δ 3 > 0 such that ||x − η|| C n < δ 3 implies
Therefore for every x ∈ B p such that ||x − η|| C n < δ := min{δ 2 , δ 3 } we conclude that x ∈ e jπi p B and |u(x) − u(η)| C < ε, as desired.
Remark 8. Observe that Theorem 5 allows us to express the solution of the Dirichlet problem (2) given in [7, Theorem 1] in terms of the Poisson kernel for B p :
7. An explicit formula for zonal polyharmonics Finally we will find the representation of zonal polyharmonics in terms of the Gegenbauer polynomials. To this end let us recall the following definition and of degree m is defined as follows:
We have the following generating formula for the Gegenbauer polynomials (Szegö [14, Formula (4.7 
which allows us to find an explicit formula for the zonal polyharmonics.
Theorem 6. Let ζ ∈ S p . Then P p (x, ζ) and Z p m (x, ζ) can be expressed by the Gegenbauer polynomials as follows:
and in consequence we get also
Proof. Using (20) and putting t := x · ζ |x||ζ| and w := |x||ζ| we get from Theorem 4
and (21) is proved. By the same theorem we conclude that Z p m has to be equal to the terms of degree m on the right of (21), so
as desired. From (19) we have after calculations
Replacing in the above formula the index k by k − p we obtain
Since the expression (−1)
. . , p − 1, we can sum in the last formula from k = 0. Finally from the above considerations and from (22) we get (23).
The connection with the Cauchy-Hua formula
In Section 6 we have found the generalised Poisson kernel P p for polyharmonic functions. In particular, for p = 1 it is the same as the classical Poisson kernel for harmonic functions. In this section we will show the connection with another kernel for holomorphic functions. Namely we will find the connection between our Poisson-type formula and the Cauchy-Hua formula. For this purpose we introduce the following definition:
Definition 9 (see [11, Definition 5.5] ). The Cauchy-Hua kernel H(z, w) is defined by
Remark 9. The Cauchy-Hua kernel H(z, w) is holomorphic in z and antiholomorphic in w on the set
and satisfies H(z, w) = H ( w, z) (see Morimoto [11, Lemma 5.6] ).
We will compare the classical Poisson kernel P (z, w) defined by (14) and the Poisson kernels P p (z, w) for B p given by (15) to the CauchyHua kernel (24). First, observe that a comparison of (14) , (15) and (24) gives the following connection between the kernels (25)
Hence the Poisson kernels P (z, w) and P p (z, w) have the same properties from Remark 9 as the Cauchy-Hua kernel. Moreover we conclude that Since z ≤ L(z) for every z ∈ C n , we conclude that for every compact subset E of LD there exists α E < 1 such that sup (z,w)∈E z · w = α E . Hence, by (26) (27) sup and the right hand side of (27) tends to zero as p → ∞, which completes the proof.
Remark 10. We will improve the estimation (26) in the special case when (z, w) ∈ LD is replaced by (x, ζ) ∈ B p × S p . To this end first observe that by Remark 1 we conclude that B p × S p ⊂ LD, so H(x, ζ) is well defined. Moreover, since 0 < 1 − (x 2 ζ 2 ) p < 1, we get
The Cauchy-Hua kernel has the following reproducing property F (e iϕ ζ) dσ(ζ)dϕ.
In the next theorem we use By Proposition 11 it is natural to expect that the Cauchy-Hua formula is a limit of solutions of Dirichlet problems for p-harmonic functions as p tends to infinity. Indeed, we have By the uniqueness of the analytic continuation we may replace in the above equality x ∈ B by z ∈ LB and we get the assertion.
Remark 11. Let us observe that Theorem 7 gives us the construction of the sequence of polyharmonic functions u p on LB, which approximates the given holomorphic function u on LB and is continuous on LS.
